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ABSTRACT: Models for active transport are prepared by the covalent bonding of molecules containing a catalytic
site to the membrane asymmetrically with respect to its thickness. The membrane separates two compartments of
unequal volume, both initially containing reactant at the same concentration. We observed the time dependence of
the reactant and product concentrations, and of the osmotic pressure, and these results are compared with theoreti-
cal predictions. The two reactions studied are the hydrolysis of ethyl N-acetyl-L-tyrosinate catalyzed by «-chymo-
trypsin and the acid-catalyzed hydrolysis of triethoxymethane. The asymmetric membrane consumes reactant, and
discharges product, at different rates through its two faces. The cencentration of products, and of non-rate-determin-
ing reactants, may exhibit maxima or minima with time, and computer simulation indicates that oscillatory behavior
could be expected under appropriate conditions. Due to the different exit path lengths, the osmotic response (deter-
mined by the solute concentrations at the two membrane surfaces) may be opposite in sign to that expected from the

concentrations in the external compartments.

Background

Active transport, a process essential to living organisms,
involves the passage of molecules or ions across a membrane
in the direction from lower to higher chemical (or electro-
chemical) potential. The objective of this work is to synthesize
model membranes and to investigate their behavior experi-
mentally in order to gain insight into the parameters which
affect such transport processes.

Transport of any species against the gradient of its chemical
potential is an irreversible process, so that guidance in the
design of such model systems must be sought in the thermo-
dynamic treatment of irreversible processes. This makes it
evident, for example, that active transport must involve
coupled processes, in which the rate of a particular process is
conditioned by more than one driving force. In the simplest
case of two coupled processes, the rate of internal entropy
production, d;S/dt, can be expressed in terms of generalized
flows J and forces X in the following manner:

d;S/dt = 1 X1+ J2 X220 (1)

Further, if the system is not too far removed from equilibrium,
a linear relationship obtains between each flow and its con-
jugate forces:

J1 =Ly X, + Lo Xo (2a)
Jo= Lo X1+ LoaX» (2b)

The “proper” coefficients, L1; and Lgg, must be positive, while
the “mutual” coefficients may be either positive or negative,
but they must obey the Onsager-Casimir reciprocity relations.
Our interest will be confined to a-type variables which obey
the Onsager relation:

ij = ij (3)

As pointed out by Prigogine,? the second law of thermo-
dynamics requires that the total entropy production within
any macroscopic portion of a system be positive or zero.
However, it is not necessary that every process lead to positive
entropy production. One driving process having a sufficiently
high rate of positive entropy production can carry a coupled
process along a nonspontaneous path. A necessary, though not
sufficient, condition for this behavior is negative values of
some of the L.

It is known that active transport in biological systems is
driven by a chemical reaction, the hydrolysis of adenosine
triphosphate. However, a chemical reaction occurring in an
isotropic system is a scalar quantity, whereas transport across

a membrane is of vector character. Hence if a chemical reac-
tion is to drive a transport process, the Curie-Prigogine the-
orem (which states that coupled processes in isotropic systems
must have the same tensorial character) requires that the
active transport system have some inherent anisotropy. This
has been achieved in our model systems by binding catalytic
sites to the membrane in an asymmetric manner with respect
to its thickness (the direction of transport). Thus the mem-
brane is not simply a partially permeable barrier, but it fur-
nishes a spatial framework for an asymmetric distribution of
catalytic sites, thereby causing the rate of a chemical reaction
to vary from point to point through the membrane thick-
ness.

We selected hydrolysis reactions for this initial study, a
choice motivated primarily by the ease of analysis of reactants
and products. The base membrane material is regenerated
cellulose, and we have investigated both enzyme and acid-
catalyzed hydrolysis reactions. The time course of the reaction
was monitored by analysis, and a study was made of the os-
motic behavior of reactive solutions separated by asymmetric
catalytic membranes. An analytical description of the various
processes occurring in such systems is developed for the in-
terpretation of these experimental observations.

I. Procedures

(A) Membrane Preparation. The first of the two systems
studied is the a-chymotrypsin-catalyzed hydrolysis of ethyl
N-acetyl-L-tyrosinate (ET) to yield N-acetyl-L-tyrosine
(T):

Ho~<C:)>-C|H2 + HO
CH;CONHCHCOOC,H,
a-chymotrypsin
_— HO_©_C|H2 + H* + C,H,OH
CH,CONHCHCOO~ (4)

The active membrane was prepared by a two-step process.
First, regenerated cellulose (American Viscose Division, Type
300), which had been conditioned to an equivolume mixture
of acetone and water, was treated with 2-amino-4,6-di-
chloro-S-triazine to attach a “spacer”. Next, the resulting film
was washed and immediately treated with o-chymotrypsin
at pH 8.8. Reaction with the triazine could be monitored by
the infrared bands at 800 and 1460 cm™!, while the attached
enzyme gave an additional absorption at 1500 cm~!. The re-
sulting membrane has the following schematic structure:
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The specific activity of each membrane was determined by
following the reaction of ET at pH 8 using a pH stat. The
solvent was a phosphate buffer (5.3 X 10~3 M NaoHPO, and
9.5 X 1073 M NaH,PO, containing 0.3 M NaCl and 7.5 vol %
dioxane). The number of umol of enzyme per cm? ranged from
0.008 to 0.04, indicating the sibstitution of fewer than one
cellulose hydroxyl group per thousand. This small implan-
tation level may be partially due to the large size of the a-
chymotrypsin molecule. The same data yielded values for the
zero-order rate constant, kg, ranging from 0.5 to 1 s~1. This
is considerably smaller than the value 193 s—1 reported by
Cunningham and Brown? and Bender* for a-chymotrypsin
in solution at pH 7.9. This difference could be partly due to
alower pH in the active membrane than that of the external
solution. Bender and co-workers® have shown that kg de-
creases with decreasing pH. Goldman, Kedem, and Katchal-
skif found a difference of 2-3 pH units exists across a 200-300
um membrane containing papain during the hydrolysis of the
ethyl ester of benzoyl-L-arginine. Further, Kay and Lilly”
observed that kg for the hydrolysis of ET by a-chymotrypsin
immobilized on cellulose-base pellets decreased about two
orders of magnitude when the pH was decreased by 3 units.
On the other hand, the difference may partially reflect inac-
tivation of the enzyme, since we observe a further dicrease in
the specific activity of the enzymic membranes during storage
in a refrigerator. Asymmetric composites of one active film
of thickness 82 um and two untreated films (245 um total
composite thickness) were used for the studies to be described
below.

The second reaction investigated is the acid-catalyzed hy-
drolysis of triethoxymethane (TEM):

H+
HC(OC;Hs)3 + H,0 —> HCOOCH; + 2C,H;OH (5)

Wet regenerated cellulose was conditioned to dry benzene and
treated with oxalyl chloride in dry benzene containing pyri-
dine, and the pendent acid chloride groups were hydrolyzed
with hot water. The resulting membrane has the following
schematic structure:

0O O
OH ||
O0—C—C—0: H+
OH
catalyst
celluiose

Implantation of carboxyl groups could be verified by the ap-
pearance of infrared bands at 1720, 2500 and 3000 cm™?, and
the number of moles of COOH per cm?, as determined by ti-
tration, ranged from 0.2 to 70 (full substitution). The degree
of substitution increased with reaction time, but for a given
reaction time, the specific activity decreased with the age of
the film prior to treatment. The active films averaged 80 um
in thickness, and each of these was backed with three layers
of untreated cellulose (each 70 um in thickness) to produced
an asymmetric composite film of total thickness 290 um. Ac-
etone containing a small amount of water was used as the
solvent for the hydrolysis reaction.

(B) Analytical and Osmotic Measurements. The osmotic
behavior was investigated at 30 °C by clamping a composite
membrane in a Stabin high-speed osmometer and filling both
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compartments with the same reactant solution. Since the
volumes of the inner and outer compartments of the os-
mometer are different, separate runs were made with the ac-
tive side of the membrane facing each compartment. The
procedure used was to follow simultaneously the time course
of the osmotic pressure and the concentrations of reactants
and/or products as the reaction proceeded by withdrawing
samples for analysis. While this procedure offers certain ad-
vantages, it has the disadvantage that neither compartment
could be stirred mechanically. Further, withdrawal of a sample
required termination of the osmotic measurements, so the
same initial conditions were duplicated numerous times and
the experiment was terminated by sampling after different
time intervals.

The concentration of N-acetyl-L-tyrosine produced during
the enzymatic hydrolysis was determined by pH measurement
using a calibration curve constructed from solutions of known
concentration of this product in the same buffer. The con-
centrations of all species in the acid-catalyzed reaction were
determined by gas chromatography using a Poropak Q col-
umn. The precision was poorest for triethoxymethane and
ethyl formate. The poorer result for the latter can be explained
by the fact that its peak was located on the trailing edge of the
large acetone (solvent) peak.

Permeability constants and reflection coefficients were
determined by osmotic measurements of solutions of indi-
vidual reactant or product. Data were obtained in most cases
for both catalytic membranes and untreated cellulose. The
permeability constants for the solutes were independently
determined by the method of Yasuda, Lamaze, and Peterlin®
using Leonard-Bluemle cells. In this case the membrane
separates compartments of equal volume containing stirred
solution and solvent, and the solute concentration is followed
by withdrawing successive aliquotes after different periods
of time. Ultraviolet spectroscopy was used to monitor the
concentration of ester in the enzyme system, and the other
analytical procedures were as described above.

Experimental Section

(A) Reflection Coefficients. The behavior of membranes toward
partially permeable solutes has been considered by Staverman® and
more recently by Katchalsky and Curran.!® The latter authors have
shown that the dissipation factor, ® = T(d;S/d¢), for a system ex-
hibiting both solute diffusion and osmotic flow can be expressed
as:

®=JpP + Jpr* (8)-

where P is the applied hydrostatic pressure, Jp and Jp are the flows
of solution and solute (relative to that of the solvent), and =* =
—Au1/ V1 1s the “ideal” osmotic pressure. In the latter expression Ay
is the difference in chemical potential of solvent across the membrane
and V) is the partial molar volume of the solvent in the solution. The
linear phenemenological equations corresponding to this formulation
are:

Jp = LpP + Lppr* (7a)
Jp = LppP + Lpr* (7b)

Hence, if an osmotic experiment with partially permeable solutes is
followed until the hydrostatic pressure attains its maximum value (Jp
= 0), then:

Pyp=o = —(Lpp/Lp)7* (8)

The ratio —(Lpp/Lp) was designated as the reflection coefficient by
Staverman and denoted by the symbol o. Evidently the maximum
hydrostatic pressure will only equal the ideal osmotic pressure if ¢ =
1, which corresponds to completely semipermeable behavior of the
membrane toward the solute. If the solution contains several solutes,
the solution flow can be expressed as:

Jp=Lp(P -3 a;7*) (9)

The foregoing discussion indicates that mathematical description of
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a system involving partially permeable solutes will require a knowl-
edge of three parameters, Lp, Lp, and ¢; (or their equivalents), for
each partially permeable component of the system.

The differential equation for the hydrostatic pressure given by
Schulz and Kuhn!! may be written in a slightly more generalized
form:

dP,/dt = = (P — om*) (10)

where P, is the hydrostatic pressure developed at time ¢. If an ex-
periment is performed with no concentration difference across the
membrane, and one simply follows the decay of an initial hydrostatic
pressure, then 7, * = 0 for all t and eq 10 can be integrated to yield:

P, = Pyexp(—A;t) (11)

which offers a procedure for evaluating the constant \; characterizing
the permeability of the membrane toward the solution. On the other
hand, if a gradient of partially permeable solute exists across the
membrane, then both P; and =* will vary with time. We stipulate that
the final equilibrium value of the ideal osmotic pressure will be 7..*,
so that the decrease of the ideal osmotic pressure due to transfer of
the partially permeable solute across the membrane is given by:

¥ = To* + (mo* — To™) exp(—Aat) (12)

where 7p* is the value of the ideal osmotic pressure at time ¢ = 0 and
Mo characterizes the permeability of the membrane toward that solute.
Substitution of this relation for #;* into eq 10 produces:

dPt/dt + >\1Pt = }\10’7rm* + )\10(71’0* - Wm*) exp(—kgt) (13)

It will be assumed that A; > Xs. Hence, if the initial conditions are
selected so that Py = 0, the initial slope of a plot of P, vs. t should be
Mom*, and if mo* is known this experiment, in conjunction with the
one described above, permits an evaluation of the reflection coefficient
ag.
Equation 13 may be solved using exp(—A1¢) as an integrating factor.
Application of the boundary condition Py = 0 when ¢ = 0 then
gives:
Aolme* — 7=*)
A — Ag
We may assume that, at some sufficiently long time t’, the term

exp(—Ait’) will become arbitrarily small. Replacement of ¢7«* by P
then yields:

Py = Poe= Mt + oo + (e=hat —e=Mt)  (14)

_ Molmg* — ma*) .

P, —P.. Azt 15
; NN (15)
Hence, for any time t” > ¢/
P/ —P.
l <____> = _>\ o Z/
"\P P 8 :

and Az may be evaluated from the slope of the indicated plot of the
long-time data.

Turning to the treatment of permeation data, the difference, AC,,
of solute concentration in the two compartments at time ¢ obeys the
relation:

(ACtZ/ACn) = eXp[_)\Q(tZ - fl)] (16)
and the permeation constant, D’, is given by:
D’ = (Vd/24)ry (17)

where V is the volume of each compartment, and d and A are the
thickness and area, respectively, of the membrane.

Equations 15 and 17 indicate that the permeation constant D’ can
be evaluated independently from the permeation cell measurements
and from the long-time osmometer response. These two procedures
yielded similar results when acetone was the solvent but for aqueous
solutions much larger values from the osmotic data than from the
permeation cell. Part of this difference may arise from difficulties in
the osmotic measurements owing to large surface tension of water.
Due to this uncertainty we were unable to obtain reliable values of
A1 and o for the enzyme membrane system. Table I gives the experi-
mentally determined values of As and ¢ and the permeation constants
D’ and D" for the catalytic and untreated membranes, respectively.
The right-most column lists an estimate of the diffusion constant D
of solute in solution, based upon the viscosity and dimensions of the
solute molecules as viewed end-on.

(B) Concentrations of Reactants and Products. The enzyme-
catalyzed reaction yielded products at a constant rate over a 5-6-h
period, as expected for a zeroth-order reaction, while the analytical
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Table I
Reflection, Permeation, and Diffusion Constants

(A) Enzyme—Catalyzed System

Solute 108D’ 106D” 105D

ET 1.0 0.7

T 1.5 1.6 0.8

CoH;0H 1.6

B. Acid-Catalyzed System
Solute 108\, 10%¢ 108D’ 108D" 10D

TEM 0.7 3 4 9 2
H-0 4.3 0.3 10.5 12 7
HCOOC.H; 6.2 0.4 8 16 4
C.H;OH 3.2 0.8 7 8 4

results for the acid-catalyzed system confirmed the stoichiometry
indicated in eq 5. A more quantitative interpretation of the experi-
mental results will be based upon the theroretical treatment of
asymmetric membrane systems which appears in the Appendix.

We consider first the zeroth-order enzyme catalysis. The derivative
with respect to time of eq 47 in the Appendix gives for the rate of
change of product concentrations [P] and [Pg] in the left and right
compartments:

Ve d{PL]/dt = (X1p + Xop + D71 {ppko[Eo)AI1U/2 + Xop)
+ Dp' (K p/Kop)(e~ K2t — 1)] (18a)

Ve d[Pr)/dt = (X1p + Xop + )~ rpkoEglAl(1/2 + X1p)
— Dp'(K1p/Kop)(e~Kept — 1)]  (18b)

In each equation the first term arises from flow of product into that
compartment due to reaction within the membrane, while the second
term refers to the diffusion of product between compartments driven
by the different product concentrations in the two compartments.
There is initially no product in either compartment, so these equations
can be simplified for short times by neglecting the diffusion term. We
will adopt the convention that the active side of the membrane always
faces the left compartment (which may be the inner or outer com-
partment of the osmometer). We further designate the arrangement
in which the active side of the membrane faces the outer compartment
with a prime, so that V[ = Vg’ = Viand Vg = V' = V5, where Viand
Vo are the volumes of the inner and outer compartments, respectively.
The initial rates of change of product concentration are found to obey
the following relationships:

d[PLl/dt  d[Prl/dt _ Vr

d[P.)/dt  d[Prl/dt VL
Vi(d[PL)/dt) _ Vr(A[PL}/dt) _ 1/2 + Xop
Vr(d[Prl/dt) Vi(@[Pr)/dt) 1/2+ Xip

VL(d[PL]/dt) + Vr(d[Pr]/dt) = Vr(d[PL]/dt)
+ VL([Pr]/dt) = vpko[Eg]lA  (21)

(19)

(20)

For the enzyme-catalyzed hydrolysis the observed initial rates are
d[Ppl/dt = 7.5 X 10710, d[Py/]/d¢ = 5.8 X 10711, d[Pr’)/dt = 4.2 X
10-19, and d[Pg]/dt = 3.8 X 10~ mol em ™3 s~1. Substitution of the
first pair into eq 19 yields Vr/Vy = 13, while the second pair gives 14
for the same ratio. These are smaller than the actual ratio of outer and
inner volumes, 22, probably arising from nonuniform concentration
in the (larger) outer compartment due to lack of stirring. If we adopt
the average of the former values, Vr/VL = 13.5, eq 20 furnishes the
same value for the membrane asymmetry factor, (/2 + X,p)/(1/2 +
X1p) = 1.85, for both ratios of rates. Calculation of this ratio according
to eq 30 involves the thickness, §, of the unstirred layers, which is
difficult to estimate. As a crude approximation we assign 6 as the
depth of the grooves in the metal plates clamping the membranes, 3.8
% 10~2 ¢m. The additional values ! = 1.64 X 10~2cm, Dp = 8 X 1078,
Dp’ =1.6 X 1078 and Dp” = 1.6 X 1078 cm s~! then produce Xp =
7.1 X 1073 and Xsp = 22.5 X 10~3 ¢m, so that (/2 + Xop)/({/2 + X 1p)
is calculated to be 2.0. Considering the uncertainties in several of the
parameter values, the agreement with the experimental value, 1.85,
is quite reasonable. T'aking VL = 10 ¢cm® (actual) and Vg = 135 cm3,
eq 21 yields for vpko[Eo]/A the values 1.15 X 10~8 and 1.20 X 10~8 mol
s~L. Since vp = 1, and from membrane specific activity data [Eo] = 3.9
X 10~8 mol cm™2, the average of these values gives for the zero-order
rate constant kg = 0.034 s—1, This is significantly smaller than k; =
0.52 s~ measured shortly after preparation of the membranes, indi-
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Figure 1. Concentration in the inside and outside compartments of
the product, N-acetyl-L-tyrosine, vs. time calculated for the active
side of the enzime membrane facing the inside (dashed) and outside
(full curves).

cating that the activity of the bound enzyme deteriorates with time,
despite the fact the membranes were stored under buffer solution in
a refrigerator.

We next turn to the initial behavior of the acid-catalyzed hydrolysis
of triethoxymethane, which will be treated as a pseudo-first-order
reaction. Differentiation of eq 52a and 52b produces the following
relations for the rate of consumption of reactant:

=VL(d[Sy]/dt) = aADs'[(1 + X18'Xog")
+ (X18" + Xog') coth al] ™1
X {{Spl(tanh («l/2) + X3g") = ([Sr] =~ [SL])/sinh al} (22a)

and

—Vr[S grl/dt) = AD[(1 + X15'Xog")
+ (X18" + Xag’) coth al]_l
X {[Sg](tanh («!/2) + X1g') + ([Sr] — [SL])/sinh o} (22b)

The first term in the curly brackets represents the rate of transport
of reactant from the compartment to the active region of the mem-
brane, while the second arises from diffusion of reactant between the
compartments. Since initially the reactant concentration is the same
in both compartments, the latter may be neglected for short times,
producing the following reactions involving the initial rates of change
of reactant concentration:

dln[S.)/dt _dln[Sg’]/dt _ Vr

dIn[S./]/dt  dln[Sg]/dt VL

Vi(dIn[S)/dt) _ Vr(dIn[Sy/})/dt) _ tanh (al/2) + Xos'
Vr(d In[Sr)/dt) ~ Vio(dIn [Sg}/df) tanh (al/2) + X 8’
Vi(dIn [SL]/dt) + Va(d In [Sg)/dt)
= Vgr(d In [SR’]/dt) + Vi(d In [Sy/)/d¢t)
= ~aADGH(1 + X1¢) 71+ (1 + Xog)™Y  (25)

(23)

(24)

The observed initial slopes for the hydrolysis of triethoxymethane
are d In [Sp)/dt = —4.4 X 1074, d In [Sg)/dt = =1.25 X 1075, d In
[Sy/]/dt = —3.0 X 1073, and d In [Sg’]/dt = —2.5 X 10~% From eq 23
these give for Vg/VL 15 and 20, both considerably smaller than the
actual volume ratio, which in this case was 40. Again, this difference
probably arises from failure to provide stirring. Introduction into eq
24 of the average of the former values, 17.5, and the experimental
slopes yields for the membrane asymmetry factor the values 2.0 and
2.1. In the present case al = 4.75, so that tanh («l/2) can be replaced
by unity. Again, there is reasonable agreement between these values
and that calculated using & = 680 cm™1, 8 = 4 X 1072 em, and values
for the permeation and diffusion constants taken from Table IB, (1
+ X95")/(1 + X15") = 2.2. The experimental values for the sums ap-
pearing in eq 25 are 6.5 X 10~3and 7.6 X 1073 cm s~1, giving an average
of 7.0 X 1073 c¢m s~!, This corresponds to k; = 2.0 s~! for the
pseudo-first-order rate constant. Hine!2 has quoted 5.4 X 102 L mol~1
s~! for the second-order rate constant for decomposition of tri-
ethoxymethane. Concentrations calculated using this value were
plotted as In (C:/Co) vs. t. An average slope of the resulting curve gave
an estimate, k; = 1.7 s~1, for the corresponding pseudo-first-order
rate constant, in reasonable agreement with the experimental value
cited above.

The foregoing discussion has been restricted to the initial rates of
change of product or reactant concentration when diffusion between
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Figure 2, Calculated concentrations of reactants (above) and prod-
ucts (below) for the hydrolysis of triethoxymethane with the active
side of the acid membrane facing the inside (full curves) and outside
(dashed).

the two compartments can be neglected. We now turn to the variation
of concentration over longer periods of time. Figure 1 shows the time
dependence of one product of the enzyme-catalyzed hydrolysis, N-
acetyl-L-tyrosine, calculated according to eq 18a and 18b. Three of
the four cases agree moderately well with the experimental values,
the exception being the product concentration in the inner com-
partment when the active side of the membrane faces the outside. In
making these comparisons one must bear in mind that each point
represents a separate run, that the runs were performed over a period
of time, and, finally, that different (though similar) membranes were
used for the “active side in” and “active side out” series.

In Figure 2 are shown the analogous plots of reactant product
concentrations for the pseudo-first-order hydrolysis of triethoxy-
methane as calculated according to eq 22a and 22b. The agreement
is within the rather large uncertainty of the analytical data (shown
only for TEM). Inspection of the calculated curves for water and the
two products leads to an interesting observation. Due to the diffusion
current, each compartment does not function independently as a
source of reactants and sink for products. Hence, the concentrations
need not vary monotonically with time and, in fact, do not do so when
the active side of the membrane faces the smaller, inner compartment.
Taking ethyl formate as an example, we expect an initial flow of
product outward through both faces of the membrane. Because this
flow is more rapid through the active face (facing the inside), and the
inner compartment has the smaller volume, the concentration of
products builds up more rapidly in the inner compartment. However,
this large concentration difference drives a rapid diffusion between
the compartments which unloads product from the inner compart-
ment, even while the reaction continues. At a later time the concen-
tration difference has diminished, the unidirectional net flow is re-
placed by a bidirectional flow, and the concentration of ethyl formate
again increases with time in both compartments.

The behavior just cited suggests that, under appropriate conditions,
asymmetric catalytic membrane systems might be capable of sus-
taining an oscillatory behavior of some reactants or products. Such
behavior might have interesting implications with respect to excitable
membranes. Jain!3 has reviewed a number of model membrane sys-
tems which exhibit oscillatory behavior. Two general comments
concerning the systems studied here may be worth noting. Negative
feedback can be easily provided if the activity of the catalyst decreases
with increasing product concentration. The a-chymotrypsin system
provides an example. One product is hydrogen ion, and Bender et al.?
have shown that the rate constant for the dissociation of the en-
zyme—-substrate complex, K3, decreases with increasing hydrogen-ion
concentration. Kay and Lilly? report that K3 for the same hydrolysis
reaction we have studied, but with a-chymotrypsin immobilized on
cellulose-base pellets, decreases by more than a factor of 100 for a
decrease in pH of 3 units. Secondly, a continuous source of reactant
must be provided if the oscillations are to be sustained. Computer
simulation using a model having these features did produce sustained
oscillations of concentration.

(C) Predicted Osmotic Behavior. The hydrostatic pressure at
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Figure 3. Observed (full curves) and predicted (dashed curves) os-
motic responses for the hydrolysis of triethoxymethane with an
asymmetric catalytic membrane.

any time may be calculated by computer from a knowledge of the
concentrations of all species as a function of time and their reflection
coefficients, o;, using a modification of eq 10:

dP/dt = (7 — P) (26)
where

= =RT 3 o;AC;/M; (27)

Here = is the effective osmotic pressure of the system containing
several partially permeable solutes, and AC; and M; are the difference
in concentration {g/cm3) and molecular weight of solute i. One
problem with this formulation is that the hydrostatic pressure is de-
veloped by a flow of solution across the membrane. According to Table
1, A\; differs for solutions of the different permeable species, so that
an average value must be used.

Since we were unable to obtain reliable values for the parameters
of the enzyme membrane, our comparison with observed osmotic
behavior must be restricted to that exhibited by the acid membrane.
Figure 3 compares the predicted and observed time course of the
hydrostatic pressure for triethoxymethane having an initial concen-
tration 0.075 M. A negative response is observed when the active
surface of the membrane faces the inside, and a positive peak occurs
with the active face outside. The shapes of the predicted and observed
curves are rather similar, although the magnitudes of the predicted
extrema are too small by approximately a factor of 2. Due to the large
reflection coefficient of triethoxymethane, and the stoicheometric
coefficient of two for ethanol, these are the two most important species
in determining the magnitude of the osmotic response. Errors in the
reflection coefficients for these two species are one likely source of this
discrepancy. On the other hand, the magnitudes of the negative
pressure regions predicted for either membrane orientation could be
increased by assuming a smaller value for the thickness, é, of the un-
stirred layers. In this connection we note that Goldman, Kedem, and
Katchalski'4 determined values for the thickness of the unstirred layer
about a membrane directly exposed to solution which ranged from
0.0042 to 0.0066 cm. These values are considerably smaller than é =
0.088 ¢cm which are arbitrarily assigned for our clamped mem-
branes.

In considering our osmotic observations from a qualitative point
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Figure 4. Calculated concentration profile of triethoxymethane at
2000 s with the active side of the membrane facing the outside.
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Figure 5. Parameters involved in treatment of the asymmetric
membrane system. The profile shown is calculated for 2000 s of re-
action with the active side of the membrane facing the inside.

of view, it should be noted that the ratio of the two compartment
volumes is much larger than the membrane asymmetry factor (an
effective value of 17.5 for the former and 2.1 for the latter). Thus, for
either orientation of the membrane we expect the decrease in reactant
concentrations, and the increase in product concentrations, should
occur more rapidly in the inner compartment. This, in fact, does occur,
as shown by reference to Figure 2. Further, in first approximation the
sign of the osmotic response is determined by the difference in con-
centration of the reactant triethoxymethane. Hence, if the osmotic
response were determined by the difference in concentration of the
two solutions, a negative response would be predicted for either ori-
entation of the membrane, contrary to observation. However, the
osmotic response is determined by the concentration difference at
the membrane surfaces. Due to the different path lengths for diffusion
through the two surfaces, the concentration difference at the mem-
brane surfaces can be opposite in sign to that of the external solutions.
An example appears in Figure 4 for the active side of the membrane
facing the larger, outer compartment. Once the reaction has begun,
the concentration of reactant triethoxymethane is always larger in
the outer compartment (left side). However, comparison of the con-
centration [Sq] and [S4] at the membrane surfaces after 2000 s, which
corresponds to the positive peak in Figure 3, shows a higher concen-
tration at the inside surface, corresponding to a positive osmotic re-
sponse. No such reversal occurs when the active side of the membrane
faces the inner compartment (the profile calculated for 2000 s appears
in Figure 5 in the Appendix).

Summary

The analysis presented at the outset indicated that, in order
to be an effective agent for active transport, a membrane must
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control a chemical reaction so that the reaction velocity varies
through the membrane thickness. We have shown that com-
posite catalytic membranes can be prepared which exhibit
asymmetry, the rates of influx of reactants and efflux of
products through the two membrane faces differing by ap-
proximately a factor of 2. A second source of asymmetry in our
experiments arises from the different volumes of the two
compartments separated by the membrane. Volume asym-
metry is, of course, the general rule for biological membrane
systems. This difference in volumes has important conse-
quences, as can be seen from the different behavior observed
with the active side of the membrane facing the inner or outer
compartment. For example, with compartments of equal
volume it is doubtful that one would observe a period of un-
directional flow for water and the products of the triethoxy-
methane hydrolysis, or two types of osmotic response.

Our study provides no example in which a species is trans-
ported against the gradient of its chemical potential. We can,
however, speculate how one might seek this behavior. Let us
suppose that the diffusion of some nonreactive species, O, is
coupled to that of one of the products of the triethoxymethane
hydrolysis. We might expect that species to be “pumped”
during the period when the product exhibits undirectional
flow. Since ionic species are more likely to exhibit coupled
transport, a model system involving redox reactions would be
preferred.

Appendix

Barnes!® was one of the early workers who considered the problem
of diffusion through a membrane separating two stirred solutions of
different concentration. Goldman, Kedem, and Katchalski® have
given a methematical treatment for a system consisting of an asym-
metric composite catalytic membrane separating compartments of
infinite volume. Qur treatment will be based upon a similar approach,
but it will be necessary to modify the results of Goldman, Kedem, and
Katchalski to allow for compartments of finite volume and unstirred
layers at each exposed membrane surface.

Figure 5 illustrates a diagram of our asymmetric membrane system
and identifies symbols for some of the important parameters. The
membrane is a laminate consisting of an active region of thickness [
and an inactive region of thickness d, and at each membrane surface
there is an unstirred layer of thickness . The reactant will generally
be indicated by the symbol S and the product by P. D is the diffusion
coefficient in the unstirred layer, and D’ and D" are the permeation
coefficients in the active and inactive layers, respectively. A subscript
S or P designates whether the coefficient pertains to reactant or
product. We designate the direction of transport as x and place the
origin of this coordinate at the external surface of the active layer, as
shown in Figure 5. The concentration in the left and right compart-
ments (e.g., [SL] and [Sg]) can be determined experimentally, while
the corresponding concentrations [So], {S:], and {S,] at the boundaries
x =0,x = [,and x = | + d, respectively, appear in the theoretical
treatment, but are not accessible to direct measurement.

We begin with the assumption that, over short intervals of time,
a steady state is attained within each volume element inside the active
region of the membrane and that the concentration gradients of
reactants and products are linear across the inactive membrane and
the unstirred layers. Equating the fluxes across the boundaries at x
= ~§ and x = 0 and across the boundariesatx =1,/ +d,and [+ d +
6 produces the following relations for reactant concentration:

[Sol = [S1] + X1s (d[S]/dx)z=0 (28a)

[Si] = {Sr] = X2s (d[S]/dx),~; (28b)

[Sal = [Sr] — Xus (d[S)/dx)z= (28¢)
and for the product concentrations:

{Po] = [PL] + X1p (d[P]/dx)s=0 (29a)

[P:] = [Pr] — Xop (d[P]/dx)x=: (29b)

[Pq] = [Pr] — Xip (d[P]/dx)x= (29¢)

where:

X1s = 8(Dg'/Dg) (30a)
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X1p = 8(Dp'/Dp) (30b)
Xos = 8(Dg'/Ds) + d(Dg'/Dg"") (30¢)
Xop = 8(Dp'/Dp) + d(Dp’/Dp”") (30d)

Within the active region of the membrane we assume that a steady
state exists within each macroscopic volume element of the mem-
brane, so that the following relations are obeyed:

d[S]/dt = Dg’ d?[S]/dx2 - vV =0 (31a)
and
d[P]/dt = Dp’d?[P]/dx2 + vpV =0 (31b)

where V is the reaction velocity and vg and vp are the stoichiometric
coefficients for reactant and product, respectively. Equating the ex-
pressions for V leads to the differential equation:

d?[P]/dx? = ~B3d?[S]/dx?

where 8 = (vp/vs)(Dg’/Dp’). Solution of this equation as a boundary
value problem produces the relations:

(d[P}/dx)x=0 = ([P1] — [Po])/l + Yo (32a)

(d[P)/dx)x=r= ([P)] = [PoD/L + V! (32b)

where:
Yo = Bl([S:] = [Sol)/I = (d[8]/dx)x=0} (33a)
Yi = 8{([S:] — [So])/l = (d[8]/dx)z=1} (33b)

Substitution for [P;] and [Py} from eq 29 and solution of the resulting
simultaneous equations leads to the desired relation for the product
concentration gradients at the faces of the active region of the mem-

brane:

(d[P]/dx)s=0 = (X;p + Xop + D~[PR]
= [PL] + 1Yo — Xop(Y; — Yo)} (34a)

(d[P)/dx)x= = (X1p + Xop + D)~H[Pg]
— [PL] + 1Y, + X1p(Y) = Yol

(A) Zeroth-Order Reaction. The gradients of reactants and
products within the active region will depend upon the reaction ki-
netics. Zerner and Bender!® have found that enzyme catalysis of
specific substrates by a-chymotrypsin proceeds via the following
mechanism:

(34Db)

k1 kg k3
E+S—ES—>ES"—>E+P
k-1

where E represents the enzyme, S represents the substrate, ES and
ES’ are intermediates, and P is the final product. Invoking the usual
steady state approximation, and making use of the observation that
ko > k3, 15 one obtains for the reaction velocity, V:
V= k3[Eo][S]

(Ra/kal(k-1 + ko)/kq) + [8]
Further, Bender et al.> have shown that

h3 = 01/(1 + [H"']/Cz)

where ¢, and ¢ are constants, so the final rate expression for a-chy-
motrypsin-catalyzed hydrolysis is:

Ve olEdlS) )
(1 + [H*)/cl(ka/k) (k-1 + k2)/k1] + [S]}
Unfortunately, use of this relation produces a nonlinear second-order
differential equation for which no analytical solution could be found.
Hence, we have resorted to the inferior zeroth-order representa-
tion:

V= ko[Eo] (36)

recognizing that kg for the membrane system will be substantially
smaller than k3 reported for enzyme catalysis in homogeneous solution
at the same pH.

We now return to a consideration of the concentration of reactant
within the active region of the membrane. Substitution of the latter
relation into eq 31a, and solution of the resulting equation as a
boundary value problem, gives:

w=m+@ﬁﬁtggﬂﬁ

vgkolEo}x?
2Dg’
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and differentiating once produces:
d[S] _ [S:] = [So] | #sko[Eq] !
= + -

dx { D¢’ <x 2)

It should be pointed out that the boundary conditions used above do
not preclude the possibility that the minimum of the reactant con-
centration profile within the active region of the membrane might
correspond to a negative concentration or might be located outside
the range 0 < x < /. If such a physically unrealistic behavior occurs,
the boundary conditions employed above must be modified.

From eq 37 one can immediately write expressions for {d[S}/dx),=0
and (d[8]/dx).=;. Substitution for [So] and (S;] from eq 28 then yields
the following relations for the gradients of reactant at the two surfaces
of the active layer:

(d[S]/dx)s=0 = (X15 + X5 + 1)"{[SR]
= [SL] = (rsko[Eo)l/Ds')(Xos + 1/2)}  (38a)

(d[S]/dx)z=; = (X15 + Xos + 1)~ H{[Sg]
— [SL] + (vsko[Eo)i/Ds")(X1s + 1/2)} (38b)
The fluxes of reactant into the active region of the membrane from
the left and right compartments are hence given by:
(Js)x=0 = —Dg/(d[S}/dx)e=0 = (X15 + Xos + 1)7!
X {usho[Eo]l(1/2 + X1s) + Dg'([SL] — [SrD)} (39a)

=(J8)x=1 = Ds’(d[8)/dx) =t = (X1s + Xog + 1)~}

X {rsko[Eo)l(l/2 + X 1) — Dg'([SL] — [Sr])} (39Db)
and the net flux of reactant into the active region is (Jg)x=0 = (Jg) =1
= vgko[Eo)!. The same procedure may be followed, beginning with
eq 31b, to obtain for the product gradients at the boundary of the
active region the following expressions:

(d[P]/dx);=0 = (X1p + Xop + D~Y[Pr] = [Py]

+ (vpkolEo)l/Dp')(1/2 + Xop)]  (40a)
(d[P)/dx)=1 = (X1p + Xop + )" Y[PR] — [PL]

— (vpko[Eo)l/Dp)(1/2 + X1p)]  (40D)

and for the product fluxes from the active region to the left and right
compartments, respectively:
=(Jp)s=0 = Dp(d[P]/dx )20 = (X1p + Xop + )~
X {vpkolEoll(l/2 + Xop) — Dp'([PL] — [Pr])} (41a)
(Jp)x=1= —Dp'(d[P}/dx)s=t = (X1p + Xop + )1
X {vpko[Eo)l({/2 + X1p) + Dp/([PL] — [Pr])} (41b)
Thus far we have considered the behavior of the system in a steady

state. Time dependence of the reactant and product concentrations
is now introduced through the relations:

[S10) - SO = ~4/Ve) [ " Uohemo dt (42a)

(37

[Sr()] - BO] = A/VR) " Uems e (42b)
and

[Po(6)] - [PO)] = ~(4/V0) [ Tpmo (43a)

[Pr()] - (PO)] = (4/Ve) [ " p)ems (43b)

where A is the area of the membrane and V1, and Vg are the volumes
of the left and right compartments. We have imposed the further
condition that the initial concentration of reactant in the two com-
partments is identical, and the same is true for the product concen-
trations. Solution of the systems of equations for reactant and product
concentration proceeds in a similar fashion, so this will only be ex-
hibited in the latter case. Substitution for (Jp)r=0 and (Jp)y=; from
eq 41 produces:

[PL(t)] = [P(0)] = (A/VL)(X1p + Xop + )T
X [Vpko[EO]l(l/z + Xop)t

=Dy [ PLO)] - PRI de] (44a)

[Pr(t)] = [P(0)] = (A/VRHX1p + Xop + 1)L
X [vpko[Eo]{(1/2 + X1p)t

t
+ Dy’ j; {[PL()] = [Pr(t)]} dt] (44b)
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The difference equation resulting upon substracting eq 44b from 44a
can be solved immediately to yield:

[PL®)] = [Pr(t)] = (K1p/Kop)(1 — e~ K2pt)
so that:

S w0l - Pro) e
= —(K1p/Kop?)(1 — e K2pt) + K pt/Kop  (45)
where:

Kip= [(Vpko[Eo]lA)/(le + Xop + l)]
X [{(1/2 + Xop)/ VL= {(1/2 4+ X1p)/VR}] (46a)

Kop = [ADp'/(X1p + Xop + D][(VR + VL)/VRVL]  (46b)

Substitution of eq 45 into eq 44a and 44b produces the desired rela-
tions for the changes in product concentrations in the left and right
compartments:

[PL(t)] = [P(O)] = (A/VLHX1p + Xop + D)1
X [Vpko[E()]l(l/z + Xoplt
+ Dp'(K1p/Kop){(1/K2p)[1 — exp(—Kaopt)] = t}] (47a)

[Pr(®)] = [P(0)] = (A/VRI(X1p + Xop + )71
X [Vpko[Eo]l(l/2 + X1plt
~ Dp'(K p/Kop)(1/K2p)[1 — exp(—K3pt)] — t]] (47b)

(B) First-Order Kineties. Triethoxymethane is an ortho ester.
According to Marchl7? it is readily hydrolyzed in the presence of acid
through an Sn1 mechanism. Such Sy1 reactions obey pseudo-first-
order kinetics in their initial stages because a slow reversible ionization
is followed by a rapid combination of the intermediate carbonium ion
with water. The reaction in homogenous solution is of second order;
however, no analytical solution to the differential equation could be
obtained for a second-order reaction. For the membrane reaction we
may anticipate that the two reactants will be transported to the active
region at fairly different rates, so that treatment of the hydrolysis as
a pseudo-first-order process may furnish an adequate approximation.
Hence, the velocity of the reaction at location x is represented as V,
= kq[S,], where [S,] is the concentration of the rate-determining
reactant at that location. Equation 31a then becomes:

Dg’ d?[S)/dx? = vgk1[S] (48)
Solution of this equation as a boundary value problem gives:
[S¢] = {[S/] sinh ax + [So] sinh a(! — x)}/sinh ! (49)
where a = (vk1/Dg’)12, so that
(1/a) (d[S}/dx) =0 = |[S:] — [So] cosh ali/sinh al (50a)
(1/a) (d[S])/dx) <=1 = {[S:] cosh al = [So]}/sinh al (50b)

We may substitute for [S;] and [Sg] from eq 28 and solve the resulting
simultaneous equations to obtain:

1 <c_i@> _ [Sr] = [Si)(cosh al + Xsg" sinh al)
a dx /x=0 (1 + XlS/X2S/) sinh ol + (XIS/ + XZS/) cosh ol
(51a)

1 <§@> - [Sk](cosh al + X1g' sinh al) — [Sy]
a \dx /x=t (1 + XlS/X2S/) sinh al + (XIS/ T X?S/) cosh al
(51b)

where X1s' = aXis and Xgs’ = aXqg are dimensionless quantities.
From eq 42 with (Jg)y=0 = =Dg’ (d[S]/dx),=¢ and (Jg)s=; = =Dg’-
(d[S]/dx)«=1, we find for the reactant concentrations at time t:

[SL(®)] = [S(0)] = (2ADg/ VL1 + X15'X2s")

+ (X8 + Xa8')coth al]~! j; “{(1/sinb ad)([S&] — [SL])

- [SL] [tanh (al/2) + XZS,]} dt  (52a)
[Sr(2)] = [S(0)] = («ADg'/VR)[(1 + X15' X 25"

+(X1g, + Xas)coth al]-! j; “|(1/sinh ad)([Sg] = [SL))

+ [Sr]{tanh («l/2) + X1g'l}d¢  (52b)

and the total reaction velocity per cm?, Vg, is given by:
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Vs = (aDs'/vs)[(1 + X15'X28") + (X168’ + Xag)coth al] 2
X {([Sg] + [SL] tanh (al/2) + X15/[Sr] + Xos/[SLl} (53)

If R represents a reactant which is not rate determining, then:
Dy’ d2[R]/dx2 = vgV (54)

where 1 is the corresponding stoicheometric coefficient. By the same
procedure as above we may derive the following relations:

<@>x=o - [Ri] — [Ro] +y {[Sl] + [Sof + <%)x-0] (55a)

dx l l
and
dR]\y _ [Rid = [Rd] [Si] + [Se] , (dIS]
( dx ). T 7[ I (d—x>x-z] (55D)
where v = (vr/vs)(Dg’/DRr’). Substitution of the expressions:
- dR]
[Ro) = [Rel + Xum (<) (56a)
- _ d[R]
[Ri} = [Rr] — X2r < i >x=l (58b)

where X1r = 6Dg’/Dg and Xor = X1 + dDg’/Dr"” produces the final
relations:

d[R]\  _ [Rrl— [Ri] + (W = Xor(Wi — Wo)
< dx >x=0— Xir+ Xor+1 (57a)
and
dR]y _IRg] = [Ri] + W, + X1r(Wi = Wo)
< dx >x=l_ Xir+ Xor+1! (57b)
where:
Wo = (1/D([S:] + [So]) + (d[S]/dx)z=0} (58a)

Macromolecules

Wi = ~{(1/D([S:] + [So]) + (d[S])/dx) .=} (58b)
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ABSTRACT: A series of partially hydrogenated polybutadienes has been prepared by treating a sample of cis-1,4-
polybutadiene with p-toluene sulfonhydrazide for varying lengths of time. The resulting polymers, which can be re-
garded as random copolymers of ethylene with acetylene, were examined by differential scanning calorimetry (DSC)
and torsional braid analysis (TBA). The glass transition temperature (T) of amorphous polyethylene was estimated
by plotting the T,’s of the copolymers, derived from DSC measurements, as a function of composition and extrapo-
lating to 100% ethylene content. A value in the range 197-200 K was obtained using two extrapolation methods. Dy-
namic mechanical spectra exhibit a number of damping maxima for the copolymers, and attempts are made to identi-
fy these. The results suggest that the v relaxation in polyethylene is not the glass temperature but is more likely to
result from a crankshaft motion of short methylene sequences in the chain.

In spite of the vast amount of work reported on the relax-
ations observed in both linear and branched polyethylene,
there is still no consensus on the precise temperature of the
glass transition. Extensive reviews have been presented, most
recently by Stehling and Mandelkern! and by Boyer? which
highlight this problem, and each arrives at a different con-
clusion. It is now well established that polyethylene samples
of medium crystallinity exhibit three major loss peaks in their
dynamic mechanical spectra, at 145 + 10 K, 240 + 20 K and
340 + 10 K, called respectively the v, 8, and a peaks. In
high-density linear polyethylene the 3 peak tends to disappear
and another damping maximum is found at temperatures of
390 £ 20 K called the o’ peak.

Stehling and Mandelkern! have suggested that the glass
temperature (T'g) for polyethylene is approximately 145 Kand
can be identified as the vy relaxation. This view is supported
by Fischer and Kloos® from small-angle x-ray studies on linear
polyethylene and by heat-capacity data reported by Beatty
and Karasz. From a study of the Raman spectra of rapidly
quenched high-density polyethylene, Hendra et al.® have
observed that the onset of crystallization takes place at tem-
peratures near 190 K. They conclude that Ty must then lie
near or below this temperature but were unable to identify a
specific value. Boyer!6 has critically examined the evidence
on which Stehling and Mandelkern base their conclusions and
proposes instead that while the evidence supports the con-



